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Abstract. Let X be a smooth projective connected curve of genus g > 2 
defined over an algebraically closed field k of characteristic p > 0. Let G be 
a finite group, P a Sylow p-subgroup of G and Nq(P) its normalizer in G. 
We show that if there exists an etale Galois cover Y —* X with group Nq(P), 
then G is the Galois group wan etale Galois cover y — > X, where the genus of 
X depends on the order of G, the number of Sylow p-subgroups of G and g. 
Suppose that G is an extension of a group H of order prime to p by a p-group 
P and X is defined over a finite field ¥ q large enough to contain the |i?|-th 
roots of unity. We show that integral idempotent relations in the group ring 
C[H] imply similar relations among the corresponding generalized Hasse-Witt 
invariants. 



1. Introduction 

Let X be a smooth projective connected curve of genus g > 2 denned over an 
algebraically closed field k of characteristic p > 0. Given a finite group G when 
does there exist an etale Galois cover Y — > X with group G? 

Grothendieck gave a necessary and sufficient condition for this to take place 
when \G\ is prime to p, §. Hasse-Witt theory does the same for a p-group G, 
|20| . Later, the case of a group G which is the extension of a group H of order 
prime to p by a p-group P necessary and sufficient conditions for G to be such a 
Galois group were obtained in |l(| . This result was extended for a group G which 
is the extension of any group H by a p-group P, [0. The result in |l6| relied 
on the naive representation theoretic approach of |l4| as well as on techniques 
of embedding problems and cohomological dimension. The result in || relied on 
modular representation theory. 

One natural question is: how far can this type of approach give information on 
the construction etale Galois covers? We start by discussing why it was needed in 
the two latter cases to take an extension of a group by a p-group. Next we consider 
any finite group G and take P to be a Sylow p-subgroup of G and let Nq(P) be its 
normalizer in G. Subject to the hypothesis that there exists an etale Galois cover 
Y — * X with group Nq (P) , we show that G is the Galois group of an etale Galois 
cover y — ■> X (using patching theory |l9||), where the genus of X depends on the 
order of G, the number of Sylow p-subgroups of G and g. 

Finally, the necessary and sufficient condition of |l6| can be expressed in terms 
of certain numbers, called generalized Hasse-Witt invariants, which generalize the 
notion of the p-rank of a curve. Our next result is of a different nature, however 

Date: February 1, 2008. 

1991 Mathematics Subject Classification. 14H30, 14G15. 

This work was partially supported by CNPq research grant 300896/91-3 and Pronex 
#41.96.0830.00. 



2 



AMILCAR PACHECO 



related to these numbers. At this point we assume that H is a group of order prime 
to p and the X is defined over a finite field ¥ q large enough to contain the P|-th 
roots of unity. We show that integral idempotent relations in the group ring C[H] 
imply similar relations among the corresponding generalized Hasse-Witt invariants. 
Analogous situations for the genera and Hasse-Witt invariants of curves were done 
before in |l^] and |l0|. As in [[l5|, where relations among zeta- functions are first 
proved, the result follows from relations between Artin i-functions. 



2. Galois groups of etale Galois covers 

Let J be a smooth projective connected curve of genus g > 2 defined over an 
algebraically closed field k of characteristic p > 0. Let tti(X) be its algebraic 
fundamental group. Let T g be the topological fundamental group of a compact 
Riemann surface of genus g and T g its profinite completion. It is a result due to 
Grothendieck J^, Corollary 2.12] that there exists a surjective group homomorphism 
ip : T g -» 7Ti(A) whose kernel is contained in every open normal subgroup N of 
r g such that (r g : N) is prime to p. In particular, tti(X) is topologically finitely 
generated. Let tta(X) be the set of isomorphism classes of finite groups which are 
quotients of tti(X), i.e., G £ tta(X) if and only if there exists an etale Galois cover 
Y — > X such that G — Gal(Y/X). Hence, the determination of ni(X) is equivalent 
to that of tta(X). 

Our first goal is to discuss tta(X). As a consequence of || Corollary 2.12] 
Grothendieck obtained that a finite group G of order prime to p lies in tta(X) if 
and only if G is isomorphic to a finite quotient of T g . The case of finite p-groups P 
is first treated by Hasse-Witt theory, when P is a p-elementary abelian group [^0[ 
§11]. In this case, G £ tta(X) if and only if it has at most jx generators, where jx 
is the Fp-dimension of the p-torsion subgroup Jx [p] of the Jacobian variety Jx of 
X. This number is called the Hasse-Witt invariant or the p-rank of A. The general 
case is reduced to this one by taking the quotient P/<&(P) of P by its Frattini 
subgroup $(P) = [P, P]P P and using that tti(X) has p-cohomological dimension 
cd p (7Ti(A)) at most 1 [jl(| Introduction]. 

The first mixed case to consider is that of a finite group G which is an extension 
of a group H of order prime to p by a p-group P |l(| Theorem 1.3]. We proved 
that the necessary and sufficient condition for G £ tta(X) is that there exists an 
etale Galois cover Y — > X such that P/$(P) injects in Jy\p] as an F p [P]-module. 
Moreover, the etale Galois cover Z — > X with group G dominates Y — > X. In the 
next section we will express this explicitly in terms of multiplicities of irreducible 
representations. It should be also noted that in Jlj], Corollary 3.5], using formal 
patching, it was proved that a finite group G having at most g generators lies in 
tta(X), for some smooth projective connected curve X of genus g. In contrast, 
the first step of the proof of the former result is based in the case where P is a 
p-elementary abelian group and it was solved by naive representation theory in [[l4| 
Propositions 2.4 and 2.5]. We will comment later on how to go from this step to 
the general case. 

Later Borne in & Theorem 1.1] used modular representation theory to extend 



16, Theorem 1.3] to the case of a finite group G which is the extension of any 
group H by a p-group P. He also obtained a necessary and sufficient condition for 
G £ 7ta{X) in terms of representation theory. At this point it is convenient to phrase 
these two latter results in terms of embedding problems || p. 366]. Let n, Q, H and 
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V be profinite groups. An embedding problem is a pair £ = (Q — » TL,T1 -» TL) of 
surjective profinite group homomorphisms. We say that £ has a weak, respectively 
strong, solution if there exists a group homomorphism, respectively a surjective 
group homomorphism, II — > Q such that the following diagram commutes 

Q —Ti- 



ll 

The two latter situations can be described as obtaining a strong solution to the 
embedding problem 

^P >■ G >■ H ^0 . 



MX) 

The kernel V of Q -» 7i is called the kernel of the embedding problem £. In the case 
where V is a profinite p-group, we say that £ is a p-embedding problem [j?], Section 
2]. Thus, HI, Theorem 1.3] and §, Theorem 1.1] give a necessary and sufficient 
condition for finite p-embedding problems for the fundamental group of projective 
curves to be strongly solved. 

One natural question is: how far can the Galois module theory approach go in 
order to obtain information on tta{X)? Let us first point out where the p-group 
kernel was used in both situations. In |r| §6], we started from the strong solution 
of the embedding problem (m(X) -» if, P/$(P) x if -» if). This solution was 



obtained via naive representation theory, 14, Propositions 2.4 and 2.5]. Then 
we used the p-group kernel and cd p (7ri(X)) < 1 to obtain via Galois cohomology 
|2l| Proposition 16, 1-23] a weak solution to the embedding problem (iri(X) -» 
P/$(P) x H,G -» P/<&(P) x if). The strong solution is obtained via a Frattini 
type of argument, ]l6|, Remark 4.4]. In [|[ §2] the p-group kernel was used to obtain 
(via Clifford's theorem) a 1-1 correspondence between the set of isomorphism classes 
of simple fc[if]-modules and the set of isomorphism classes of simple /c[G]-modules 
U Remark 2 to Proposition 2.4]. This was crucial in the proof of the reduction 
lemma ||, Lemma 3.1], which was used to prove |3|, Theorem 1.1]. 

Abhyankar's conjecture is closely related to the problem of when a finite group G 
lies in tta(X), [Q. We now describe this conjecture. Let xi, ■ ■ ■ , x r £ X with r > 1 
and U — X — {x\, ■ • ■ , x r }. Let tt±(U) be the algebraic fundamental group of U and 
tta(U) the set of isomorphism classes of finite groups which are quotients of Tti(U). 
The conjecture states that a finite group G € tta(U) if and only if G/p(G) G ita(U), 
where p(G) is the quasi-p subgroup of G, i.e., the group generated by the Sylow 
p-subgroups of G. One side of this conjecture was already known to Grothendieck. 
In fact, another consequence of J|, Corollary 2.12] is that a finite group G of order 
prime to p lies in it a (£7) if and only if G is a finite quotient of the profinite completion 
Tg^ r of the topological fundamental group r g r of a compact Riemann surface of 
genus g minus r points. If G E tta{U), then G/p(G) £ tta(U) and Grothendieck's 
result give a necessary and sufficient condition for this to take place. The converse 
was the issue in the conjecture. When U is the affine line, the conjecture was proved 
by Raynaud jL7|, using rigid analytic techniques. Later, Harbater j|] extended this 
result to any affine curse using formal geometry. 
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The analogue of Abhyankar's conjecture fails for projective curves. Indeed, sup- 
pose X is an ordinary curve, i.e., </x|j>] — (Z/pZ) 9 . Let n > g be an integer and 
G = (Z/pZ) n . Then G/p{G) = {1} G n A (X), however G <£ ir A (X), since it violates 
the condition that the number of generators of G has to be at most jx = .<?• The 
representation theoretic conditions of |ll| Theorem 1.3] and j|, Theorem 1.1] are 
the obstruction for the condition G/p(G) 6 tta{X) to be sufficient for G G tta(X). 

The first idea to proceed is to first obtain a strong solution to the embedding 
problem (tti(X) -» H, [p{G) / [p{G)\) X H -» H) in a similar way to jl4|, Propositions 
2.4 and 2.5], where [p(G)] denotes the commutator of p(G). Then we are lead to try 
to solve the embedding problem (ir^X) -» (p(G)/[p(G)}) x H, G -» (p(G)/[p(G)}) x 
H). However, the kernel is not any longer a p-group and the f-cohomological 
dimension of ki(X) is not necessarily 1, for a prime number I ^ p (cf. |2|, Corollaire 
4.3] and |l6L §5]). In the modular representation theory approach, although || 
Proposition 2.4] can be proved without the hypothesis of the embedding problem 
having a p-kernel, Lemma 3.1] cannot. So this points to a bound on the Galois 
module theoretic method. 

The strategy of strongly solving first a finite p-embedding problem for the affinc 
line A 1 in order to show that G/p(G) G tta(A 1 ) implies G € ^(A 1 ) appears in 



17| . There rigid patching is used together with other techniques. Strongly solving 
finite p-embedding problems also appears as part of the strategy of || , where also a 
prescribed local behavior is needed 0] and formal patching replaces rigid patching. 
For an account of the sketch of both proofs see |j[ p. 85, 86]. 

If we try to mimic the use of patching theory for projective curves, not only do 
we not realize G as a Galois group of an etale Galois cover of X, but also the base 
curve has its genus increased. This is due to [jl9[ Theorem 3.1] which we describe 
next. 

Given an integer g > 1, let tva(9) be the set of isomorphism classes of finite 
groups G such that G G tta(X), for some smooth projective connected curve X of 
genus g defined over k. Our main ingredient is the following result. 

Proposition 2.1. |l^, Theorem 3.1] Let G be a finite group generated by two sub- 
groups Hi and Hi- Suppose there exist smooth projective connected curves X\ 
and X2 of genus gi and g2, respectively, defined over k such that Hi £ ita(Ui) and 
H2 G ita{U2), where U\ — X± — {£1} and U2 — X2 — {£2}- Suppose furthermore that 
the ramification over £1 and £2 is tame and that the generator of the inertia group 
of £1 is the inverse in G of that of the inertia group at £2- Then G G n A (gi + 32)- 

Let P be a Sylow p-subgroup of G and Ng(P) its normalizer in G. Let \G\ = mp e 
with p\m and n p the number of Sylow p-subgroups of G. By Chapter I, Theorem 
3.7] G = N G (P)p(G). In particular, G is generated by N G (P) and p(G). 

Theorem 2.2. Suppose there exists a smooth projective connected curve X of 
genus g > 2 such that Na(P) G tta(X) (hence satisfying the condition of [ fl6[ 
Theorem 1.3],). Then G G iTA(n p + m(g — 1) + g). 

Proof. Let Z{P) — > X be an etale Galois cover with group Nc(P)- This cover dom- 
inates an etale Galois cover Y(P) — » X with group Nq(P)/P and P G ita(Y(P)). 
By the Riemann-Hurwitz formula Y{P) has genus (m/n p )(g — 1) + 1. Note that for 
any other Sylow p-subgroup P' of G, N G (P') ^ N G (P), hence N G (P') G ir A {X). 
Consequently, there exists an etale Galois cover Z(P') — > X with group N G (P') 
which dominates an etale Galois cover Y(P') — * X with group N G (P')/ P' and 
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P' e k a (Y(P')). By Proposition \L\ 
subgroups of G, p(G) G irA{m(g — 1) 
cover with group p(G). Since Ng{P) € 

an etale Galois cover Y — > X, once again applying Proposition 12^1 
G S Tr A (n p + m(g - 1) + 



since p(G) is generated by the Sylow p- 
f n p ). Let — ► X' be an etale Galois 
tta(X), i.e., Ng(P) is the Galois group of 

we conclude 



□ 



3. IDEMPOTENT RELATIONS AND GENERALIZED J)- RANKS OF CURVES 

Let G be a finite group which is the extension of a group H of order prime to 
p by a p-group P. Let $(P) = [P,P]P P be the Frattini subgroup of P. Let X 
be a smooth projective connected curve of genus g > 2 over /c. The necessary and 
sufficient condition for G to lie in tta(X) can be phrased in an explicit way using 
representation theory. 

For each irreducible character x of H, let V x be the corresponding irreducible 
/c[i7]-module and ¥ p i x = ¥ p (x) the field generated by ¥ p and the values of \. Let 
p x be the irreducible representation corresponding to V x . Then for each positive 
power p m of p we have another irreducible representation p xP ™ of G such that 

P x pm ( T ) = Px( T ) P > f° r evei T t € H. Denote by V x v™ the irreducible £;[G]-module 
corresponding to p xP m . The irreducible F p [i/]-modules are given by Vj x ] = V x © 
1/ x p © . . . © ^p ; x-i ■ Let P/$(P) = [x] V[^ [xl be the decomposition of P/$(P) 
into irreducible F p [i7]-modules. 

Let Y — > X a Galois cover with group iJ. The group ff acts on Jy[p]. Let 
Jy\p} ©f p = © x Vx x be the decomposition of Jy\p] ©f p ^ hito irreducible k[H\- 
modules and denote Jy[p] x = V x x . This is a k- vector space whose dimension "fy.x 
is called the generalized Hasse-Witt invariant of Y with respect to \ [0 §2]. It 
follows from jl4|, Proposition 2.8 and Lemma 2.11] that 7y xP m = 1y,x f° r every 
positive power p m of p. Thus, we denote it by Jy,\x] • ^ ne condition, P/$(P) injects 
as an F p [_ff]-modulc in Jy[p] is equivalent to it-m^m < Ty,[x] ^ or an y irreducible 
F p [_ff]-module V[ x ], where n[ x ] denotes the dimension of any of the /c[i?]-irreduciblc 
modules V x v m ■ Hence, our representation theoretic condition is expressed in terms 
of the generalized Hasse-Witt invariants. 

These invariants are also used to count the number of etale Galois covers of X 
whose Galois group G is the extension of a group H of order prime to p by an ele- 
mentary p-abelian group P such that the action of H on P is faithful and irreducible 
(m[ Theorem 1.8] (for previous results see also jl3| and fll]] ). When instead of an 
algebraically closed field k we consider a finite F g large enough to contain the \H |-th 
roots of unity, the generalized Hasse-Witt invariants are obtained as the degrees of 
the L-functions L(t, x, Y/X) nx which we now describe [Jl8|, Corollary 4.1]. 

We suppose from now on that Y and X are defined over a finite field ¥ q of 
characteristic p large enough to contain the |77|-th roots of unity. Let F : Y — > Y 
be the geometric Frobenius morphism of Y with respect to ¥ q . For each positive 
integer v and for each t e H, let A(r o F v ) be the number of points of Y fixed by 
t o F v . The Artin L-function L(t,x,Y/X) of an irreducible character x of H is 
defined as 

L(t, X , Y/X) =ex P K: A v (x)^ I , where A,( X ) = 7^ E *(OA(t o P w ). 
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Let I ^ p be a prime number and let Ti(Jy) = lim Jy[£ n ] be the ^-adic Tate 
module of Jy. It is a result due to Weil |lj, p. 186, Theorem 6] that there exists a 
representation End(Jy) — > End(T^(Jy)) given by t i— > a*. Let $ be the restriction 
of this representation to H. Denote also by F the geometric Frobenius of Jy over 
¥ q and let a F „ £ End(Tf(Jy)) be the element corresponding to j'-th power F v of 
F. Then A(r o F 1 ') = ^ + 1 - Tr^i o o£„ | T e {J Y )). Hence, 

L{t, X ,Y/X) {1 _ qt) u x{1 _ t)Ux , 

where 

(3.1) P(i, X ,y/X)=exp I > - — l> xfr l )Trlni , o ,,;,, ))- 



W>1 1 1 \reH 



is a polynomial in t and u x = 1, if x is trivial, u x = 0, otherwise. Denote by 
the character of the representation Pxi T ) > for every r £ H . 

For each subgroup M of H and each irreducible character xm of M, let e XM = 
X \m\ > So-gA/ XM(g~ 1 )q' £ C[if] be the corresponding idempotent. An integral 
idempotent relation is an equality of the form J2m s xm b xm — 0> where M runs 
through the subgroups of H, s XM £ Z and for each M we choose an irreducible 
character xm of M. 

Theorem 3.1. An integral idempotent relation s XM e XM = in C[H] implies 
a relation 

\[P{t,XM,Y/YM) XM{X)s ™ =1, 

M 

where Ym is the quotient curve Y/M and Y — » £/ie corresponding Galois cover. 

Proof. Let be the completion of the algebraic closure Q e of and identify the 
iJ|-th roots of unity in C with those in <Cg. We will consider the integral idempotent 
relation J2 M s XM e XM — inside Ci[H] instead of C[H]. Extend the representation 
to a representation : C e [H] -> GL(T f (Jy) Q). Then 

V Af / M V 1 1 7 o-£M 

Taking the trace of following representation in Ti(Jy) <S>z e C^, we obtain 

= Tr s « e x« ° J = E lit E XM^-^TrK o c^). 



The result now follows from ( p.l[ ). □ 

The Artin L-function L(t,Y/X,x) can be expressed p-adically as follows. For 
each P £ Jy, let Oj Y .p be the local ring of Jy at P. For each integer n > 1, let 
W n (Oj Y ,p) be the Witt ring of length n with coefficients in Oj Yt p. Let W n be the 
sheaf over Jy defined by these rings. The cohomology groups H m ( J Y , W n ) form a 
projective limit. Let H m (J Y ,W) = lim H m (J Y ,W n ). Let J Y be the dual abelian 
variety of Jy and T p (Jy) its p-adic Tate module. Let W(¥ q ) the ring of Witt vectors 
off, and T p (jp) = T p (jp) ® Zp W(¥ q ). Let L(Jy) = H\J Y ,W) ®T p (jp). Note 
that identifying the |-ff|-th roots of unity in C with those in ¥ q , we can assume that 
the characters of H take value in ¥ q , hence in W(¥ q ). Let L(J Y ) = X V x x be the 
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decomposition of L(Jy) into irreducible W(F g )[ii"]-modules and let L(Jy) x = V x x ■ 
It is proved in Jl|, Corollary 3.1] that P(t, x, Y/X)*^ = det(l - a* F t | L(J Y ) x -i), 
where a* F £ L(Jy) is the endomorphism corresponding to the geometric Frobenius 
F of Jy. In particular, P(t, x,Y/X) has p-integral coefficients. 

Let K = ¥ q (Y), let VL K be the space of all differentials of K and H°(Y,n Y ) 
the subspace of regular differentials. Let u £ K be a separating variable and 
w = /du € Ok. The Cartier operator is defined by C{w) = (-d p-1 //d« p-1 ) /1/p du. 
It is a 1/p-linear operator, i.e., C(a p u>) — au>, for a £ K, and it acts on H°(Y, Cly) 



2§ §10, p.39]. 

Let H°(Y,Q Y ) = (B x H°(Y,n Y ) x be the decomposition of H°(Y, Sly) into a sum 
of irreducible F 9 [_ff]-modules, where H°(Y,tty) x = V x x and V x is the irreducible 
F g [if] -module corresponding to x- Let q = p n , then C n acts on H°(Y, fty) x . More- 
over, Jy,x = dinip^ ker(l — C n \ H°(Y, £ly) x ) [|l8[ Proposition 2.3]. It is also shown 
that det(l - a* F t \ L(J Y ) x -i ) (mod p) = det(l - C n t \ H°(Y, 0,y) x ) Theorem 
4.1]. Consequently, deg(det(l — a* Jt \ L(Jy) x -i) (mod p)) = 7y >x and we obtain 
the following corollary of Theorem p.l\ 

Corollary 3.2. An integral idempotent relation X^M s XM e XM = in C[H] implies 
a relation 

E S X«7y, x -/ =0. 
M 
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